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A theoretical study has been made on the effect of pulsations in the flow field on interphase 
mass transfer. The phenomenon is of interest in studies of the cardiovascular system as well 
as in traditional engineering applications. The physical situation studied corresponds to fully 
developed flow in a long conduit with a periodic pressure gradient. The mass transfer problem 
was solved analytically for low amplitude pulsations for the two limiting cases of very small 
and very large frequencies. I n  addition, several numerical solutions were developed in the 
intermediate region where the asymptotic solutions are least accurate. The solutions taken 
together give a good quantitative overall view of the phenomenon. 

One of the most interesting and unexpected results is that a t  very low frequencies it is 
possible for a pulsatile flow to yield a lower interphase mass flux than a steady Poiseuille 
flow with the same velocity. 

Interphase mass transfer in pulsating flows is of interest 
in many areas of application including chemical reactor 
design, studies on flow transients using probes based on 
diffusion controlled electrode reactions, and studies on 
transport in the cardiovascular system. There has been 
surprisingly little work on this interesting class of problems 
or on the closely related heat transfer problem. A few of 
the more important studies including flow in conduits will 
be briefly described. Experiments were conducted by West 
and Taylor (7) on pulsating laminar flow in pipes and 
the results of their studies showed no appreciable increase 
in the heat flux. In turbulent flow, a 70% increase in the 
heat transfer coefficient was obtained at a pulse frequency 
of 100 cycles/min. Havemann and Narayan Rao (2) did 
experimental investigations on pulsating turbulent flows 
in pipes. They observed an increase in the heat flux over 
the steady state value when the frequency is greater than 
a critical frequency and a decrease in flux for lower fre- 
quencies. Mueller ( 5 )  also performed experiments on heat 
transfer in turbulent flow. For pulsating flows which may 
may be considered to be quasi-steady, a condition which 
is attained in the limit of very small frequencies, the aver- 
age Nusselt number was found to be less than the cor- 
responding steady flow Nusselt number. 

Krasuk and Smith ( 3 )  presented results of experiments 
on mass transfer in pulsating flow in a circular tube. They 
also presented an analogy between mass and momentum 
transfer which is shown to agree with their results. 

A theoretical approach to the problem was first given by 
Lighthill ( 4 ) .  He studied the effect of small fluctuations in 
the free stream velocity on the momentum and thermal 
boundary layers along a solid body in unconfined flow. His 
method consisted of perturbing the solution to the steady 
flow problem. He considered only the linear term in the 
perturbation expansion, and as a result the change in time- 
averaged interphase flux was not obtained in his work. 

The method presented in this paper employs a perturba- 
tion method similar to that used by Lighthill. In this study 
terms up to the second-order in the perturbation parameter 
were retained. Solutions of the differential equations for 
the individual terms in the perturbation expansion were 
then sought in the regions of high frequency and low fre- 
quency. The method was applied to the case of a steady 
laminar flow in a rigid tube upon which is superimposed a 
pressure gradient fluctuation which is a periodic function 
of time only. In a subsequent paper, the work will be ex- 
tended to the problem of diffusion in a distensible tube, 
the pressure gradient disturbance being a wave traveling 

in the direction of flow. The latter case would be of pri- 
mary interest in the cardiovascular system. 

P U L S A T I N G  FLOW IN A RIGID TUBE 

The solution for the simplest case of pulsating laminar 
flow in a rigid tube in which entrance effects are neglected 
has been known since the early work by Sex1 (6). The 
equation of motion is given by 

Let the average pressure gradient ( d p / d x )  0 be disturbed 
by a simple sinusoidal form of fluctuation 

where A (  dp/dx)  0 is the amplitude of the pulsation and /3 
its frequency. The solution of Equation (1) consists of a 
steady component uo and a transient component u1 which 
is a periodic function of time. The component 1.40 is given 
by the well-known Poiseuille flow relation 

u o = 2 u o (  I-=) T2 
(3) 

where UO is the time-averaged mean axial velocity. The 
fluctuating component is given by 

It  is understood, of course, that on1 the real part of the 

is the dimensionless frequency parameter, w = ( /3R2 /v )  ''2. 
JO denotes the Bessel function of order zero. Wormersley 
( 8 )  discusses this solution and gives an extension to the 
case of a distensible conduit. 

When the Schmidt number, v/D,  is very large (the 
Schmidt number for liquids is of the order 103 to 1@), the 
hydrodynamic inlet region is much shorter than the diffu- 
sion inlet region. In most cases the ratio of the length of 
the diffusion inlet region to the length of the hydrodynamic 
inlet region is of such magnitude that for practical pur- 
poses the entire conduit may be treated as fully developed 
hydrodynamically but that the diffusion. boundary layer 
thickness is small ( a  diffusion inlet region), 

above expression has physical signi l cance. The symbol o 
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The following analysis will apply specifically to the 
diffusion inlet region beyond the flow inlet region. In this 
region, the rapid changes in the concentration of the dis- 
solved substance take place across a very thin layer ad- 
jacent to the wall, the concentration boundary layer. 
Within this layer the velocity profile may be considered 
as a linear function of the distance from the wall with a 
slope equal to the actual slope at the wall. Making use of 
this approximation then, the velocity distribution near the 
wall becomes 

4u0y UOY u(y, t )  = - + k-X(o)eiBt 
R R 

where y is the distance from the wall, R - r, and x(o)  is 
a function of the frequency parameter o: 

(5)  

Hence the boundary layer analysis is somewhat similar to 
that of an unconfined flow although the problem under 
consideration is associated with flow in a rigid circular 
tube. 

CONCENTRATION DISTRIBUTION AND DIFFUSION 

centration variable # is 
The boundary layer equation for the dimensionless con- 

(7) 

The variable # is a dimensionless concentration which is 
zero at  the conduit wall and is unity at the inlet 

4 = 1 at x = 0 
# = 0  at y = O  for all t and x > O  (8) 
# = 1 at y = w 

A perturbation solution to the differential Equation (7)  

for all t and y 

for all t and x > 0 

is sought in the form 

# b Y  y. t )  = + O b Y  y) + k#l(X, y, t )  
+ h24z(X, y, t) + 0 ( h 3 )  (9) 

The separate equations for the terms in the perturbation 
expansion are then derived in the usual way by substitut- 
ing (9) into (7) ,  collecting terms of the same power in A, 
and equating the coefficient of each power of A to zero. 

The basic term #o(x, y) is the solution for steady lam- 
inar flow with mean velocity Uo. It  is given by 

where 7 is the dimensionless variable y (Uo/RDx)  ll3. 
The method of solution for the first and second-order 

terms will be discussed briefly below. The method is dis- 
cussed more fully in the Appendix and complete details 
with tabular results are reported elsewhere (1 ) . 

In each case separate asymptotic solutions are sought for 
the regions of high frequency and low frequency. In ad- 
dition, the differential equations were solved directly by 
numerical finite difference methods for several intermediate 
values of the frequency. 

First-Order Solution $1 

The differential equation for the first order term 
# l ( S  y, t )  is 

The solution is a periodic function of time of the form 

It  should be mentioned that the first-order solution can 
not yield information on the time averaged interphase flux. 
$0 is the steady state solution based on the average veloc- 
ity, and the time average of 41 and of the derivatives of 
#1 is zero. Hence, the first-order term makes no contribu- 
tion to the time averaged Nusselt number. 

The time dependence in Equation (11) is eliminated by 
substituting the above form -of the solution into the differ- 
ential equation. The result is an equation for f l  (x, y) 

where 
The low frequency asymptotic solution is developed by 

another perturbation technique with o 2  as the perturba- 
tion parameter. 

f l (x ,  y)  = flo(x, y )  + o 2 f l 1 ( ~ ,  y )  + 04f12(x, y) + 0(06) 

= o ( N s c )  'h. 

(14) 
The method of solution for the functions flo, fll, and f l z  is 
described in Appendix A and complete results are given 
elsewhere (1 ) . The solution in terms of the derivative at 
the wall is 

tZf3 Nsc )] (15) 
1 0.2255 

48 8 

The high frequency asymptotic solution is found using 
the theory of differential equations containing a large 
parameter. The procedure and principal results are dis- 
cussed in Appendix A. The result in terms of the derivative 
at the boundary is 

( 12) 1f3 

The intermediate frequency solutions were found by 
straightforward numerical integration of Equation ( 13) 
using a method adapted from Crank-Nicholson. Several 
solutions of varying grid size were used in the usual way 
to determine that satisfactory accuracy was obtained. 

The Second-Order Term $2 

The differential equation for 42 is 

where the inhomogeneous term, G ( x ,  y, t) , is given by 

G(x,y,t)  =- UOY Re[x(o)e@t] R e ( F e i f l t )  af 1 (18) R D  

Study of this inhomogeneous term reveals that the second- 
order term consists of a time-independent term and a term 
which is a periodic function of time. 

( 19) 4 ( x ,  y. t )  = M ( x ,  y) + f z ( x ,  y)eZiPt 
Substitution of this form of the solution into the differen- 
tial equation for +2 gives two separate equations for M 
and f z .  
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a 2 f z  4uoy af2 2 w i  uoy dfl 
-x(o) - a92 RD .ax ~2 2RD ax 

------= 

(21) 
The solution of Equation (20) for M ( x ,  y) is of con- 

siderable interest since aM/ayl,=o yields the time averaged 
flux due to the pulsation. For the high frequency asymp- 
tote, the Laplace transform of the equation is solved for 
the transform of M. Then the derivative of the transform 
is inverted by the method of convolution. Finally, the 
convolution integral may be approximated by 

8 ( 12) 

--)cos( " Y  --) " Y  dy (22) 

Rd.9- R f l  
Appendix B gives more information on this solution. 

For low frequencies, the function G becomes a particu- 
larly simple form such that the solution for M is a func- 
tion of the variable 7 alone. The dimensionless derivative 
of M at the wall is given by 

The transient term of &(x, y, t )  is derived in the same 
manner as 41 ( x ,  y, t )  hence, only the final results of the 
mathematical operations will be presented here. 

High frequency solution: 

Low frequency solution: 

RESULTS 

The most interesting result in many applications is the 
Nusselt number or dimensionless mass flux. Some of the 
results in terms of this flux variable will be discussed in 

this paper and complete results are available (1). 

Range of Validity 
A qualitative discussion of the validity of the boundary 

layer approach was given earlier. It can be shown (1) that 
the approximate range of applicability is given by 

Y 

which of course, covers an x / R  range of about four orders 
of magnitude in liquids. The results are also of value for 
heat transfer problems provided the Prandtl number 
(which replaces the Schmidt number in the usual way) 
is large as is the case in viscous liquids. 

The perturbation method of solution must also be ex- 
amined to determine the range of applicability. A second- 
order perturbation expansion, as given by Equation (9) 
is expected to be valid on condition that 

The perturbation method therefore imposes some restric- 
tions on the magnitude of A. The approximation unques- 
tionably holds for values of A approaching zero. And, if 
+z(x ,  y, t )  is very small compared to 41 ( x ,  y, t )  as in this 
case, then the parameter may be considerably increased 
without violating the perturbation limitations. An estimate 
of the allowable range of A may be obtained from Figure 
1, where the ratio f l / (  [MI + I f z l )  at the point (7  = 2.0, 
5 = 0.20 x 10-2) is plotted as a function of 0. Smaller 
values of 7 would give curves above that of 7 = 2.0. The 
function 0.1 f l / ( I M I  + I f 2 ! )  is also shown on Figure 1, 
and values of 7 below this line may be considered as 
permissible values of A. 

An additional restriction on application of the results 
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Fig. 1. Range of validity of the perturbation solution. 
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follows from the first of Equations (8 ) .  This equation is a 
boundary condition which implies no backflow or no con- 
vection of the concentration differences due to diffusion 
into the region of negative 3c. From Equation (4)  it is easy 
to show that to avoid backflow it is necessary that 

(26) 
M o ( o )  

2M1(e)cos(81-80-7r/4) 
A 4  

which may be approximated with less than 15% error for 
o > 4 by A < ~/fi Equation (26) is more restrictive 
than Figure 1 for values of o greater than about 1.7. Un- 
fortunately in previous work the few experiments which 
have been reported in detail have been under conditions 
which do not satisfy the inequality (26).  These experi- 
ments show higher interphase fluxes than would be pre- 
dicted by the model under consideration. 

The lnkrphare Flux 

species the interphase mass transfer is given by 
Under the conditions of low concentration of diffusing 

J = - zJ(c0- c w )  - : 
1 .I 

or in terms of the Nusselt number 

(27) 

This expression may be placed in terms of the results 
reported here as 

a42 

ay y=o ay y=o aY 
N N ~ = ~ R *  I +2m* I + 2Rx2 - ( 2 8 ~ )  

-180 
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J -140 
W 
v) 
v) 
3 

-120 
b 
p -100 
0 
5 
[L 

I -8C 

Ir 
LL -6C 
W 
I 
I- 

0 

W 
v) 

I 

a 

k-J 

LL -4( 

a -2(  
a 

0 
0 I 2 

W,DIMENSIONLESS FREQUENCY PARAMETER 

Fig. 2. Frequency dependence of the phase of the first harmonic 
of the Nurrelt number [phase of N N ~ ( ~ )  for € = 0.20 X 
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Fig. 3. Frequency dependence of the amplitude of the first harmonic 
of the Nusselt number [amplitude of N N ~ ( ~ )  for 5 = 0.20 x 
The N N ~  depends on the time variable, m, the space vari- 
able f ,  the frequency parameter, a, and the amplitude 
parameter, A. 

The first term in Equation (28) is designated as N N ~ ,  
and corresponds to the Nusselt number for a steady flow 

( 0 )  

( 0 )  with the same mean velocity. N N ~  depends only on f .  

The second term in Equation (28) is designated as 

AN::, the first order term or first harmonic. 

(1) N N ~  is a periodic function with a zero time average. The 
phase lead (referred to a cosine wave of frequency 8)  and 
amplitude of the function are presented in Figures 2 and 
3. The phase of the first harmonic of the flux lags behind 
that of [- ( l / p )  ( d p / a x )  1. This phase lag approaches v as 
the frequency of fluctuation becomes infinite. The ampli- 
tude decreases to zero at infinite frequency. These results 
are consistent with Lighthill in his study on a growing 
momentum boundary layer. 

The third term in Equation (28) is designated as 

A NNu, the second order term. This term is divided in two 
functions as outlined previously, 

N F i  = N F i  ( t )  + N N ~  

2 (2) 

- 
(31) 

(2) 

N E i  ( t )  is a periodic function of time with a zero time 
average and is designated as the second harmonic 
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Fig. 4. Frequency dependence ot  the phase of the second harmonic 
of the Nusselt number [phase of b 4 ~ ~ ( 2 )  ( t )  for ( = 0.20 x 

The phase lead (referred to a cosine wave of the same 
frequency) and amplitude of this function are displayed 
in Figures 4 and 5. The phase of this function goes from 
ii- at zero frequency to zero at infinite frequency. The 
amplitude goes to zero at infinite frequency and decreases 
at a faster rate than the amplitude of the first harmonic. 

The final and most important part, N N ~  represents the 
increase in time-averaged Nusselt number due to the puka- 
tions. 

- 
(2) 

The time-averaged Nusselt number is given by 
- 

(0) 2 (2)- (0) - - 1 ' 3 E  I (33) - 
N N ~  = N N ~  4- 

where N N ~  is the Nusselt number in steady laminar flow 
with mean velocity Uo. Curves of the increase in the Nus- 
selt number for high and low frequency regions at a par- 
ticular point along the conduit 6 = 0.20 x 10-2, are 
shown in Figure 6. The effect of axial position on the in- 
crease in Ku is given in Figure 7. 

The time-averaged Nusselt number in pulsating flow is 
affected by several factors, namely, the amplitude of the 
fluctuation, the frequency of the fluctuation and the posi- 
tion along the conduit. Each of thesB factors will be dis- 
cussed in turn. 

For very low frequencies, a rather surprising result was 
obtained. A sinusoidal pressure gradient causes the time- 
averaged Nusselt number to be less than that for steady 
flow at the same time-averaged rate. This unexpected re- 
sult was verified by considering the behavior of the con- 
centration boundary layer to be equivalent to a succession 
of steady states as the frequency approaches zero. The 
steady state equation for the concentration was solved 
using the instantaneous value of the velocity. The concen- 
tration was then averaged over one period. The Nusselt 

N N ~  - N N ~  + 2A =$ all 9 = o  

(01 

0 I 2 
W ,  DIMENSIONLESS FREQUENCY PARAMETER 

Fig. 5. Frequency dependence of the amplitude of the second har- 
monic of the Nusselt number [amplitude of  N N ~ ( ~ )  ( t )  for t = 0.20 

x 10-21. 
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Fig. 6. Frequency dependence of the increase in the time averaged 

number derived in this manner for B + 0 agreed with 
That obtained using the method presented in this paper. 

due to pulsa- 
tion is positive beyond a certain critical frequency and 
negative below it. The increase in goes through a 
maximum at some frequency above the critical frequency 

Nusselt number over the steady flow value for E = 0.20 x 

- 
For high frequencies, the change in 

- 
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Fig. 7. Effect of axial position on the increase in the time averaged 
Nusselt number over the steady flow value. 

and decreases to zero as the frequency becomes infinitely 
large. 

The change in N N ~  is proportional to X2 within the range 
of validity of the perturbation solution. An increase in x 
would bring about a greater increase or decrease in= 
depending on whether the frequency of fluctuation is 
above or below the critical frequency. 

In  the region of low frequencies, the change in= 

over the steady flow value, ( N F ; / N y :  ) is independent 
of 6, the dimensionless x variable. But for very high fre- 

quencies (NF: / N N ~  ) becomes inversely proportional to 6.  
The position of the critical frequency is likewise de- 

pendent on 6. I t  tends to shift in the direction of decreas- 
ing frequency as 6 becomes larger. 

It is often useful to consider space-averaged mass trans- 
fer rates rather than the local values discussed above. The 
asymptotic expression for high frequencies can be reduced 
to the simple form given below 

- 

- 

- 
(0) 

[ 1 F-1 16 fi - (61/&?)1/3 -= 
h2 3NSc3/2 a 5  f11/3 &P3 1 - (&/&)2/3 

where F denotes the ratio of the space (and time) aver- 
aged Nusselt number to the space-averaged Nusselt num- 
ber for steady flow and 6 > 61. 
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NOTATION 
c = concentration 
co 
c, 
D = diffusion coefficient 
J = interphase molar flux 
MI(") = modulus of the Bessel function Jl(oi3I2)  
M o ( o )  = modulus of the Bessel function J 0 ( ~ i 3 / 2 )  
NNu = Nusselt number 
NRe = Reynolds number 

This work was supported by NSF Grant GK 79 and by 

= uniform concentration at inlet 
= constant concentration at wall 

N s c  = Schmidt number 
R 
Uo 
R e ( z )  = the real part of the complex quantity z 
Zm ( z )  = the imaginary part of the complex quantity z 

Greek Letters 

f l  
7 
o1 
do 
x 

= radius of the conduit 
= time-averaged mean axial velocity 

= frequency in radians per unit time 
= dimensionless variable, y ( Uo/RDx) 113 
= phase of the Bessel function, J1(  o i 3 9  
= phase of the Bessel function, Jo( oi3l2) 
= ratio of amplitude of fluctuating component of the 

pressure gradient to the magnitude of the steady 
component 

u = kinematic viscosity 
.$ 
4 = dimensionless concentration variable 

x 
o 

o 
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APPENDIX A 

Outline of Solutions for the First-Order Term, $1 
Solutions for f io ,  f l l ,  and f l z  in the form of an expansion 

m 

f ln (q .E )  = C (P3)' F , J ( V )  = 0, 1 ,2  ( A l l  
J = O  

are sought where .$ is the dimensionless x variable ( D x / U , R 2 ) .  
In practice, ( is considerably less than unity and it will usually 
suffice to take only a few terms in the series. In this case, 
only the first two terms are found. Substitution in the usual 
way leads to second-order ordinary differential equations for 
Fn0 and F,1. The equations have solutions which are series 
expansions about q = 0 with infinite radii of convergence. 
However, for a large value of q, these series converge with 
discouraging slowness. For this reason asymptotic solutions for 
large q are derived. The asymptotic solution and the direct 
series expansion are then patched numerically at some in- 
termediate value of q. This point was taken as the width 
of the unperturbed concentration boundary layer, q1 = 
r( 1/3)/( l2)1/3. The zero condition at the wall is imposed 
on the series expansion leaving one constant still undeter- 
mined. Similarly, the asymptotic expansion is made to satisfy 
the boundary condition at q = M .  Since only one boundary 
condition is imposed the second constant in the asymptotic 
expansion is also unknown. To get the values of the con- 
stants, one from the series expansion and another from the 
asymptotic solution, the value of the function F n k  at qi ,  as 
given by the series solution is equated to that given by the 
series solution is equated to that given by the asymptotic 
solution. The derivatives of Fnk at ql are likewise e uated 

constants. 
The derivative of f l  at the wall which applies to the low 

frequency region, is derived from the series solution of f l  and 
is given by Equation (15).  

To obtain the dominant term of the high frequency solution 

giving two algebraic equations involving the two un 9 nown 
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for f l ,  the differential Equation (13)  is simplified by re- 
taining only the highest order differential term and the term 
containing the large parameter w.  It can be shown that Equa- 
tion (13) has a formal solution of the form 

a,(%, y ) w - "  exp [wbo(y)l (A21 
n=O 

and that the primitive term in the expansion comes only from 
the second-order differential term and the term involving w. 
It  can be proved that a formal solution of this type is asymp- 
totic with respect to the parameter w.  The problem to be 
solved then becomes equivalent to 

(A31 

The complementary solution of the above equation is readily 
determined and has the form 

a 2 f l  iU2f l  uoy a+0 
X(W) - 

ay2 R2 RD ax 
---=- 

where al (  x )  and b l ( x )  are arbitrary functions of X. A particu- 
lar integral that accounts for the inhomogeneous term on the 
right hand side of the differential Equation (A3) is derived 
using the method of variation of parameters. Then the func- 
tions a l ( r )  and bl(x)  are specified to satisfy the boundary 
conditions. Thus, the solution for f l  in the high frequency 
region is 

{ [- exp( F) 

+ f ' e x p  (-?) 

and its derivative at  ? = 0 is given by 

complicated. However, the derivative of C[M] at  the wall 

y 
has an inverse which is readily found by an application of 
the method of convolution. 

The inverse of the Airy function Ai [ y ( J is given 

by 
c-1 {Ai [ y ( 2 2 3 1  } 

3n - 
RD 

so that 

- aM I 

3r( 113) - 
4 
9 R D ( x - T )  

RD 

uo ] G(z,y)dtdy (B5) exp [ --y3 

It is not possible to obtain a closed expression for a M / a p = o  
in its present form. But an approximation can be obtaine by 
using a linear expansion for f l  in the function G. 

The order of integration in the integral of (B5) is reversed 
and integration with respect to y is carried out first. The 
integral in z then becomes very easy to find. The final re- 
sult of these manipulations is 

- .I/. _dM I = -3 R e [ x ( w ) m  ( "fl) 
ay y=o ay 21=o exp (----y3-) U t  y 4 u, dy (A6) 

R 9 RDr 

APPENDIX B 
Outline of Solutions for the Second-Order Term, 42 

For the case of high frequencies the flux due to M is ob- 
tained by first taking the Laplace transform of Equation ( 2 0 )  
with respect to the variable x. This operation yields an or- 
dinary differential equation in the variable y and contains 
the transformation parameter s. 

In this equation the symbol G stands for the inhomogeneous 
part of Equation (20). This equation can be easily solved 
for C[M] but inverting back to the original function M is too 

and the dimensionless derivative of the steady component of 
the second order term at = 0 is given by 

3r (1 /3)  ~ M o ( w )  ]2$ow y2 
8(12)113 [ Mi(w) 

The symbols MI( co) and M o ( w )  refer to the moduli of 
J 1  (wi3'2) and Jo(  wi3/2), respectively. 
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